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ABSTRACT

Wang, S., Gao, J. and Li, J., 2018. A fast uncoiled randomized QR decomposition
method for 5D seismic data reconstruction. Journal of Seismic Exploration, 27: 255-276.

The low rank matrix completion methods have been widely applied to reconstruct
multidimensional irregular seismic data. The existing literature shows that well sampled
seismic data can be represented by a low rank block Hankel or block Toeplitz matrix.
However, incomplete data and random noise can destroy the low rank property of the
block matrix. Hence, the recovery of missing seismic traces can be treated as a rank
reduction problem. This paper presents a fast rank reduction algorithm named
randomized QR decomposition to interpolate the pre-stack 5D irregular missing seismic
traces. Compared with the popular matrix rank reduction algorithms, such as the Singular
Value Decomposition (SVD) and the Lanczos bidiagonalization decomposition method,
this method has higher computational efficiency and faster reconstruction speed.
Moreover, for the computationally low efficient problem of the diagonal averaging
operation of the rank-reduced level-4 block Toeplitz matrix, a fast uncoiled diagonal
averaging strategy is designed. The new diagonal averaging algorithm can greatly reduce
the amount of data storage and decrease the computational cost. In the end, the validity of
the proposed method is verified by synthetic data experiments and a field data test.

KEY WORDS: rank reduction, randomized QR decomposition, multilevel Toeplitz
structures, 5D seismic data reconstruction.
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INTRODUCTION

The irregular missing seismic data usually cause bad effects on
multichannel processing, such as the surface-related multiple elimination
(SRME), wave-equation migration, time-lapse seismic repeatability and so
on. Therefore, it is necessary to do seismic data reconstruction before the
multichannel seismic data processing. In the past few years, four main
categories of reconstruction methods are developed to interpolate the
irregular missing seismic traces. The first category of methods is based on
the mathematical transformations, for example, the Radon transform (Trad et
al., 2002; Xue et al., 2014; Tang and Mao, 2014), the Fourier transform
(Duijndam et al., 1999; Liu and Sacchi, 2004; Xu et al., 2005; Zwartjes and
Gisolf, 2007; Gao et al., 2010, 2013a), the Curvelet transform (Herrmann
and Hennenfent, 2008; Naghizadeh and Sacchi, 2010; Yang et al., 2012; Cao
and Wang, 2015; Zhang et al.,2017), the Seislet transform (Gan et al., 2015;
Gan et al., 2016; Liu et al., 2016) and the Dreamlet transform (Wang et al.,
2014, 2015). The second category of methods is based on the prediction
error filtering (Spitz, 1991; Porsani, 1999; Naghizadeh and Sacchi, 2007,
2009). These methods utilize the predictability of linear events in the
frequency-space domain to interpolate the missing traces. The third category
is based on wave equation principles (Ronen, 1987; Kaplan et al., 2010;
Kutscha and Verschuur, 2012). The methods in this category usually require
some subsurface information to do the reconstruction, especially the velocity
information. The fourth category of methods is based on the rank reduction
theory. These methods presume that the properly sampled ideal data can be
represented by a low-rank matrix or tensor. However, missing traces and
random noise in the observed data will destroy the low-rank property and
increase the rank of the matrix or tensor. Therefore, seismic data
reconstruction can be treated as a rank reduction problem. In these methods,
Trickett et al. (2010) developed a Cadzow Filtering (CF) method to
interpolate the irregular missing traces. Oropeza and Sacchi (2011)
developed a matrix rank reduction method named Multichannel Singular
Spectrum Analysis (MSSA) to interpolate the 3D irregular seismic data and
adopted a Randomized SVD algorithm to accelerate the rank reduction
operation. Gao et al. (2013b) developed the MSSA method and proposed a
fast rank-reduction algorithm, which combined the Lanczos
bidiagonalization algorithm and a fast level-4 block Toeplitz matrix-vector
multiplication via the 4D Fast Fourier Transform (FFT) algorithm in order to
reconstruct 4D spatial data. Furthermore, Jia et al. (2016) also developed a
fast orthogonal rank-one matrix pursuit (OR1MP) algorithm to improve the
calculation efficiency for the rank reduction process in the MSSA
reconstruction method. In addition, Chiron et al. (2014) developed an
efficient randomized QR decomposition method for the de-noising of
spectroscopic data. Cheng and Sacchi (2016) utilized the randomized QR
decomposition algorithm to reduce the rank of a level-2 block Hankel matrix
and presented a fast anti-diagonal averaging strategy for the block Hankel
matrix to reconstruct 3D irregular seismic data.
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In this paper, we introduce the compressed sensing theory into the matrix
rank reduction and utilize it to decrease the size of the huge level-4 block
Toeplitz matrix ahead of the rank reduction operation. Thereupon, a new fast
rank reduction method named the uncoiled randomized QR decomposition
(abbreviated as URQR) is developed to reconstruct the pre-stack 5D seismic
volume. The URQR method possesses the following merits, firstly, a
column linearly independent random matrix is constructed and utilized to
decrease the size of the huge level-4 block Toeplitz matrix before
implementing the rank reduction operation. Secondly, the QR decomposition
algorithm rather than the truncated SVD or the Lanczos bidiagonalization
algorithm is adopted to reduce the rank of this compressed size matrix.
Thirdly, a fast uncoiled diagonal averaging algorithm during the process of
averaging along diagonals of the level-4 Toeplitz matrix is developed to
avoid the construction and storage of the huge rank-reduced level-4 block
Toeplitz matrix. As a result, the computer memory footprint can be greatly
decreased. In addition, a fast level-4 block Toeplitz matrix-vector
multiplication algorithm via 4D FFT technique is adopted to improve the
computational efficiency of matrix-matrix and matrix-vector multiplication
in the stage of rank reduction and diagonal averaging processing.

THEORY

The existing literature indicates that well-sampled ideal 5D seismic data
can be embedded into a low-rank level-4 block Toeplitz matrix for each
monochromatic frequency slice in the frequency domain (Oropeza and
Sacchi, 2011; Gao et al., 2013b). Any missing traces and random noise will
increase the rank of this block matrix. Hence, the derivation of the proposed
URQR algorithm is also based on this principle. In addition, similar to the
treatment of other peers, the low rank reconstruction method is implemented
in the frequency-midpoint-offset domain in this paper.

Randomized QR decomposition theory

In the frequency-midpoint-offset domain, the observed pre-stack 5D
seismic is denoted by D**(f, emp ,cmp,, h,, h,), where the index variables
emp,,cmp, ,h.and h represent the spatial coordlnates of the inline, crossline
midpoint and inline, crossline offset. We dehne the seismic volume for one
single frequency slice via a 4D arrayD 'with elements D, iy, after the
data are binned in the midpoint-offset domain, where the indices I
and i, denote the spatial coordinates cmp, CMPJ ,h_and h‘ , respectively.
For each monochromatic frequency the seismic data can be embedded into
a level-4 block Toeplitz matrix AP with size (L,L,L,L,)x(K,K,K,K,), where

L,+K,-1=N,, j=1234, N, represents the number of traces in the
spatlal Jj-th dlrectlon of Dom L is usually chosen to be L, =|N,/2|+I,
where |-| indicates the integer part of its argument. If AY 15 constructed

by the well sampled regular data, A‘” has the low rank property. Assume
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the rank of A isr, rsmin{LL,LL, K K,K,K,}, we adopt the randomized
QR decomposition algorithm (Halko et al., 2011, Chiron et al., 2014, Cheng
and Sacchi, 2016) to reduce the rank of A“. First of all, we generate a
column linearly independent random matrix €2 to shrink the size of matrix
A and obtain the compressed size matrix B,

B=A"Q , (1)
here, the size of Q is (K,K,K,K,)xr. The size of B is (LL,L,L,)xr.

Then QR decomposition is implemented on matrix B,

B=QR , ()

where Q is a small (LL,LL,)xr orthogonal matrix and R is a rxr upper
triangular matrix. Next, projecting the orthonormal basis matrix Q onto
A, the low-rank approximation matrix A of AY is computed as,

A@ _ QQHA(4) ) 3)

Finally, apply the diagonal average of the rank-reduced matrix AY to
recover the missing samples in the 4D spatial data D

[4) i(3) (2) A1)
- Jmax Jmax Jmax Jmax

D:'],iz,i__‘,.-'_‘ = 2 E z 2 Afr:)la xwi‘.i:.fj,i‘,, 4)

c A8 2 A3) i _A(2) p D)
J4=min J3= min 2=/ min /1= min

where Wis a 4D averaging operator whose elements are the diagonal

averaging coefficients. The size of operator W is the same as D. The
detailed definition of W is shown in Appendix A. In addition,

7% =max(i, -K, +11), j¥ =min(i,L,),k=1,2,3,4,

p4 - (J":; - l)L3L2L| + (Ji} - I)Lle + (.)"2 = ])Ll + jI’

vy =(K -iy+ j - DKKK H(K; -1+ j, - DK K HK, -0, + j, = DK, + K, =i, +

For eq. (4), the present popular averaging calculation methods first
require to compute and store A“ in eq. (3), and then average along the
diagonals of A . The calculation and storage of matrix A’ makes the
low rank matrix completion method unfeasible for large seismic field data
reconstruction.
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Fast level-4 block Toeplitz matrix-vector multiplication via 4D FFT

In order to decrease the computational cost of matrix naive
multiplication operations in eq. (1) and eq. (3), the multiplication among the
ordinary matrixQ, Q”and the level-4 block Toeplitz matrix A® can be
efficiently implemented by the fast matrix-vector multiplication algorithm
via a 4D FFT (D(Erao et al.,, 2013b). For a monochromatic frequency f, the
seismic data D”” can be embedded into a level-4 block Toeplitz matrix,

AD AD, LAY
A(4)= A(Ii)ﬂ Afé) L A(zj]

M M O M | (5)

A9 AQL LAY

where, the elementAf), i,=1,2,...,N,, is a level-3 block Toeplitz matrix
and can be written as,

@) @) )
K.y Ky-Liy L Al,f'_‘
(2) (2) (2)
(3) _ | “RKeLiy K.y L Az‘:‘.. 6)
I
) M M O M ’
(2) (2) (2)
Nasiy Ny -Liy L Ly iy
2 . - . .
here, the element A}_‘_L, i,=1,2,...,N,, is a level-2 block Toeplitz matrix,
(1) (1) (48]
sz‘s_\.;, sz-l.;s,h L AI.:‘_‘.:;,
) ) )
A Aﬁ'z-i-l.f;.h Ah’: A, L Az.;-,.f;
i3,y M M 0 M £l (?)
) ) (1
A N3 iz, A Ny =165,y L Ly 3,0y

the elementA!”. . ineq. (7), i,=1,2,...,N,, is a level-1 block Toeplitz matrix

ke

which is also an ordinary Toeplitz matrix,

obs abs obs

A Ky =L iy iy L Lz iy i
obs obs abs
A DK1+1.13 il Dl(] S i g L 2,03,y
M M 0 M (8)
obs obs obs
D.-\"l 34340y D Ny =Lz 05,04 L Ly s iy ,dg
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The more detailed description of A can be seen in Gao et al. (2013b).
Considering x is a (K, K,K,K,)x1 column vector, the naive multiplication
between the level-4 block Toeplitz matrix A and the column vector x can
be implemented by the 4D FFT technique. First of all, one requires to
expand the level-4 block Toeplitz matrix A to a level-4 block circulant
matrix C'“ with size MxM by appending zeros to each dimension of D",
where M =MM,MM,, M, =2"*"1 i= 1234 where ['] represents the
upper integer of its argument. Secondly, a 4D array C* is formed to store
the first column elements of each sub-block matrix of C'”. The elements of
each dimension of C* can be directly obtained from the data D,

D i alaM—-K 4+l
[ A J i J
(4 bs .
c?  ={p™ Ji=M -K +2,...,.M.
iy ofy oy my iy g my 7 i i i s (9)
j = 1:2)374-

where n,=N,-L,+i,, m =i —M,+K, ~1. Finally, we reshape the
vector x to a 4D array X and then expand X to have the same size as the

4D array € by embedding zeros. The product between &* and X
can be written as (Gao et al., 2013b),

y = IFFT4D[FFT4D(¢) FFT4D(x)] , (10)

here, ‘o’ denotes the element-by-element multiplication. We extract the first
LxL,xLxL, elements of the 4D array y, then reshape § into a column
vector y of size (LL,LL,)x1, here, y=A"x. The cost of the naive
multiplication between the matrix A and the vector x is O((LL,L,L,)*),
however, the cost of the fast multiplication algorithm via 4D FFT technique
is only O(Mlog, M). Thereupon, the matrix production of  and A",
Q"and A" can be transformed into matrix-vector multiplication form and
then be efficiently implemented via the fast level-4 block Toeplitz
matrix-vector multiplication technique.

Fast uncoiled diagonal average of the level-4 block Toeplitz matrix

Because the requirement of constructing and storing the huge
rank-reduced matrix A" in eq. (4) causes low calculation efficiency and
will require a huge computer memory, we exploit the uncoiled anti-diagonal
averaging algorithm, which is formerly used for Hankel matrix rank
reduction in 1D spectroscopic data de-noising (Chiron et al., 2014) to the
diagonal average of the level-4 block Toeplitz matrix in 5D seismic data
reconstruction. We avoid constructing and storing the level-4 block Toeplitz
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matrix A in eq. (4) to decrease the computer memory footprint by fully
exploiting the special structure of the level-4 block Toeplitz matrix (Gao et
al., 2013b). Set,

U=-Q"A", (1

here, U is computed via the fast level-4 block Toeplitz matrix-vector
multiplication described in the above section. Then eq. (3) is rewritten as,

AY=QuU. (12)

The fast uncoiled diagonal average of A", which is utilized to compute
the reconstructed data D, ,  , , is expressed by,

A4 ;3 Jl (i]
Jmax Jmax Jmax

- 4
D = E E E E A® Lxw
[ A PaVy iy by oy dy

(4) A3) ; (1)
Ja=Jmin S3=Fmin 2 Jﬂl\fl =Jmin

|||||||||||||||||||

—{E E E E EQ,,kah}xW,-l,,-z_,-,,,-,, (13)

- -4 1I1
K= Jy Jmin J3= !mm ! Jnm JI S min

= (4) (4)
{EQH{)U(&} l'l sy sy iy

where the index parameters P, and V, have the same expressions as that
defined in eq. (4). The variable & denotes the k-th column of the orthogonal
matrix Q in eq. (2) and the k-th row of the matrix U in eq. (12). The
parameter r represents the rank of AY ) denotes a level-4 block
Toeplitz matrix whose first row is formed by a I1xK, row vector

[0, O and first column is formed by a N, xlI column vector [Q

Doy Dws QP05 ,0]". The matrix QE:} Isdeﬁnedas
Q® 0 0 L 0
Q{23) Q:3) 0 L 0
M M M (0] M
Qo Q. e L o
Q) QL Q.1 Q¥
Q) =| ™M M M M |, (14)
Qm (;3}_| Erj}—z L E‘T—Knl
0 Q9 Q, L QP
0 0 Q¥ L Q.
M M mMm O M
0 0 o L ®
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where Q) is a level-3 block Toeplitz matrix, p,=1,2,...,L,. Uy denotes
a K, x1column vector Bl L 1) ,Um U”’] the element U’
denottga K x] column vector, v,= 12 ., K,. The more detailed deﬁmtlon
of Q can be seen in Appendlx B. The product QE:))UE:; can
also be computed via the fast level-4 block Toeplitz matrix-vector
multiplication algorithm, which is described in eq. (10). From eq. (13), we
find hat the data D, iy, can be directly obtained from thc product of

(4) ) 4

) and Um It is not necessary to first generate A and then do
dlagonal averagmg to D,I, i, 1 eq. (4). The total multiplication cost
between Q(k) and U(k}) via the uncoiled diagonal averaging method is
O(rNlog,N), N=N,N,N,N,, which is less than the cost of standard
averaging along diagonals O(rKL) with K =KK,K,K,, L=LL,LL,. The
computer memory of uncoiled diagonal averaging method is 8xcc,cc,
bytes, where ¢, =N, +K,,c,=N,+K,, ¢;=N,+K, and ¢, =N, +K,, which is
also less than the 8xKL bytes memory footprint of the standard diagonal
averaging method. Let R, represent the computational cost ratio of the
standard diagonal averaging method to the uncoiled diagonal averaging
method, then

_ rxKxL L
rxNlog, N 64+16log,L ° (13)

N.
where we set L =K, Hj and N, = N,, i,j=123,4. Let R, represent

the memory footprint ratio of the standard diagonal averaging method to the

uncoiled diagonal averaging method,

8x KL L

) 8x ¢ cy05c, T8l (16)

We construct a series of level-4 block Toeplitz matrices with size N, =
6, 7, ...,13, i = 1,2,3,4 to show the calculation performance of the fast
uncoiled diagonal averaging algorithm. Fig.1 and Fig. 2 show the ratio curve
of R, and R,, respectively. From Fig. 1, we see that compared with the
standard diagonal averaging method, the computational cost of the uncoiled
diagonal averaging method is effectively decreased. From Fig. 2, we find
that the memory footprint of the uncoiled diagonal averaging method is also
evidently cut down along with the increase of the dimensional size N,.
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—x— The computation cost ratio R1
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Fig. 1. The computational cost ratio curve R; between the standard diagonal averaging
method and the uncoiled diagonal averaging method.
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—a— The memory footprint ratio R2

251

201

101

Fig. 2. The computer memory footprint ratio curve R, between the standard diagonal
averaging method and the uncoiled diagonal averaging method.
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Fig.

Input pre-stack 5D seismic volume D™ (¢, cmp, ,cmp, b, h,)

Apply the forward FFT for 1 to get frequency domain data
D™ (f ,emp, ,cmp, b h,)

%

A

Extract the i-th single frequency slice D™ ( f,, emp,.cmp,, h,, h,)
and set iteration number k=1

v
Embed D™ (f,,cmp, cmp,, h , h, ) into a level-4 block
Toeplitz matrix A”

Apply the randomized QR decomposition algorithm to get
the low-rank approximation matrix A'¥

!

Apply the fast uncoiled averaging algorithm to A®

'

Use Eq. (13) to obtain the k-th iterative reconstruction data D*

Is the maximum number
of N iterations reached?

Are all frequency
slices reconstructed?

Apply the inverse Fourier transform on t and output the
reconstructed data  D(r,cmp, .cmp,,h,.h)

3. The iterative reconstruction flow chart of the URQR method in the
—cmp, —cemp,, = h, - h_.- domain.
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5D seismic data reconstruction via POCS method

For the observed data D with irregular missing samples in the
frequency domain, we utilize the Project Onto Convex Sets (POCS) iterative
method described in Oropeza and Sacchi (2011) and Gao et al. (2015) to
recover the missing samples. The k-th iterative reconstruction algorithm is
expressed by

D' =(I-aS)P(D")+aD*, k=0,1,...,N, , (17)

where I is a 4D array composed of ones, S is a 4D sampling operator with
element 0 and 1 to identify the observed and decimated traces. The weight
factor @ is used to suppress the noise contained in the observed data
during the reconstruction, & = (0,1]. The operator P(‘) indicates the
following operations, (1) constructing the 4D array ¢“ in eq. (9), (2)
reducing the rank of A" via randomized QR decomposition, and (3)
applying the uncoiled diagonal averaging operation on A to get the
recovered data D' in eq. (13). D" denotes the input observed data,
D’ =D*. In summary, the URQR reconstruction flow in the frequency-
cmp, -cmp.,-h -h, domain is shown in Fig. 3.

EXAMPLES
Synthetic data experiments

The first example shows the reconstruction performance of the proposed
algorithm in comparison to the typical implementation of rank reduction
using the randomized SVD (RSVD) method and Lanczos bidiagonalization
(Lanczos) method (Oropeza and Sacchi, 2011; Gao et al., 2013). We
synthetize a series of 5D seismic data models that consist of NXNXNXN
traces, N=6, 7, . . . ,13 and 256 time samples per trace. Each data model
includes three linear events and the signal to noise ratio is §/N =10°. We set
the iteration number N,, =10 and the weight factor @ =1.0. For each
volume reconstruction case, we run the code 10 times for each method and
record the computation time. Fig. 4 shows the averaging computational time
comparison of these three methods. From Fig. 4, we see that the URQR
algorithm is more efficient than the RSVD algorithm and the Lanczos
algorithm, especially for the large N case.

The second example shows the reconstruction accuracy comparison of
these three algorithms. We utilize the data model with size 10x10x10x10
traces and 256 time samples per trace, which is already synthesized in the
first example to do the experiment. Fig. 5 shows the reconstruction quality
for different percentages of decimated traces. The reconstruction quality was
measured by a quality factor O, O being defined as
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1500

—#*— URQR method
~—&— Lanczos method 5
—&— RSVD method

Time (s)

Fig. 4. The computational time comparison of the URQR method, RSVD method and
Lanczos method.

100

—#— URQR method
~—&— Lanczos method
—&— RSVD method

Q (dB)

0 T T T T T
10% 20% 30% 40% 50% 60% 70% 80%

Percentage of missing data

Fig. 5. The reconstruction quality comparison of the URQR method, RSVD method and
Lanczos method.
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— " W . (18)
” preen . pyiree

2
F

| frue

0= 10log,,

where D™ and D™ represent the original fully sampled noise-free data
and the reconstructed data, respectively. From Fig. 5 we see that the
approximate rank reduction solution obtained from the URQR method has
similar reconstruction quality with the RSVD method, but they both perform
better than the Lanczos method.

In the next example, we exhibit the reconstruction result on the 4D
spatial volume with 10x10x10x10 traces, which is the same data used in the
second example. We randomly decimate 50% of seismic traces to form the
incomplete data and then use the URQR method to do the reconstruction.
Fig. 6 shows a slice view of CMP gathers with fixed CMP,= 2, offset hy=2
and CMP, = 1,3,...,9. From the difference section in Fig. 6(d), we see that
the energy of missing traces are well restored and all three linear events are
recovered the natural continuity in spatial direction. We also randomly take
out one single trace from the decimated data in Fig. 6(b) to show the
reconstruction quality. Fig. 7 displays the reconstruction result of one single
trace with fixed CMP,= 7, CMP, = 2, offset hy= 5 and offset hy= 2. From
the red line, we can see that the amplitude of this missing trace is well
recovered.

CMPx Number CMPx Number

1 3 5 7 9

§ 3 8 r. 4@ e _ _
0.2 0.21
~§- 0.4 % 0.41 | I
e 0.6 E 061 1 M 418 4
0.8 0.8
1.0
9

(a) (b)

CMPx Number

0 3 5 7
021
é’- 0.41
E o061
0.81
1.0

Fig. 6. The slice view of the CMP gathers for the noise-free data reconstruction. (a)
Original data. (b) Decimated data with 50% of the traces missing. (c) Reconstructed data.
(d) Difference between panel (a) and panel (c).

CMPx Number
1 3 5 7 9
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1.0 Original data
-------------- Reconstructed data
——— Difference
0.5
a, f
°
=t
= D
E
<
-0.5
-1.0 4
0 0.2 0.4 0.6 08 1.0

Time (s)

Fig. 7. The reconstruction result of one single trace. The coordinate of the trace is
CMPy =7, CMPy =2, offset hy= 5, offset hy=2.

Real data test

Based on the model data reconstruction results, we further test the
performance of the proposed method on a real pre-stack 5D data. The data
volume consists of 15x15 CMP bins and 13x13 offsets per bin. The CMP
grid is 43x100 m and the offset grid is 567x50 m, besides, 18% of the points
is covered with observations. We select a time window in the interval 900—
1250 ms that corresponds to 351 samples. We set the iteration number
N, =100, the weight factor a = 0.8, the rank » = 10 and the reconstruction
frequency bandwidth as 1-80 Hz. Then, we reconstruct the data via the
URQR method, RSVD method and Lanczos method. Fig. 8 displays five
common offset gathers for fixed CMP,= 4, hy= 6, CMP,= 1, 2,...,15 and
hy= 5, 6,...,.9. Fig. 8(a) shows the original observed data prior to
reconstruction. Figs. 8(b), 8(c), and 8(d) show the reconstruction results of
these three methods. Fig. 9 shows five common middle point gathers for
fixed CMP4= 6, hy= 8, hy= 1,2,...,13 and CMP,=6, 7, ...,10. It can be seen
that the missing traces are well recovered and the curved events are also well
reconstructed in Fig. 8(b) and Fig. 9(b). From the red rectangular area, we
see that the energy of the recovered events of the URQR method is similar
as the RSVD method, but they both are stronger than the Lanczos methods
under the same reconstruction conditions.
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Fig. 9. The slice view of the CMP gathers for the real data reconstruction with fixed
CMP, = 6 and hy = 8. (a) Input data. (b) URQR reconstructed result. (c) RSVD
reconstructed result. (d) Lanczos reconstructed result.
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CONCLUSIONS

In this paper, a new, fast rank-reduction algorithm is developed to
reconstruct the pre-stack 5D irregular seismic volume. The presented
method successfully introduces the compressive sensing theory into the
matrix rank reduction processing to achieve the aim of compressing the size
of the huge level-4 block Toeplitz matrix and improving the computation
efficiency of the matrix rank reduction operation. Furthermore, the fast
uncoiled diagonal averaging algorithm for the level-4 block Toeplitz matrix
and the fast level-4 block Toeplitz matrix-vector multiplication algorithm via
4D FFT are also adopted to accelerate the matrix rank reduction processing.
In addition, avoiding the constructing and storing of the huge rank-reduced
level-4 block Toeplitz matrix at the diagonal averaging step could also save
computer memory. In the data reconstruction experiments, the
reconstruction performances of the RSVD method, Lanczos method and
URQR method are compared. The reconstruction results show that the
proposed URQR method has a larger reconstruction speed and better
reconstruction quality compared with the other two methods.

The URQR fast rank reduction algorithm is a typical MSSA
reconstruction method. The theoretic basis of MSSA reconstruction method
is the predication filtering theory, hence, the URQR method is more suitable
for reconstructing linear or quasi-linear events data. For real seismic data
containing curved events or complex geological structures, people should
divide the data into windows in time and spatial directions and then do the
reconstruction in each small window. In addition, we want to point out that
the present URQR method is just fit for reconstructing irregular missing
traces in a grid with uniform spatial sampling. It cannot interpolate aliasing
data with regular missing traces. The anti-aliasing interpolation of URQR
method is still an open problem. Fortunately, Naghizadeh and Sacchi (2013)
already offered some hints to achieve this.
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APPENDIX A
THE DEFINITION OF AVERAGING OPERATOR W

Wis a 4D averaging operator with the same size as D and D”*. The
elements of W are written as,

-_I—XW3(I.|,I.2,I.3), 151‘4 ‘:K-t"

Iy
1 o ;

Ex‘va(’]":"s)’ K =i <L,

iy A-1
Wi, iy, i5,i,) — L« W,(.ii) L, i, <N, (A-1)

N, -i, +1 ST

where,i, =1,2,..,N,,i, =1,2,..., N,,

im ] 200 N
here, w, is a 3D array whose elements are shown as follows,

(1 0 g ;

—x W, (i), =i <K,,

L
. xW,(i,i,) K.=<i.<L

... e 22 )y 3= 32
Wiy, iy,05) = 1 K, ; (A-2)
1

—xW,(i,i,), Ly=si, = N,,

N, —iy+1 alhriah Sash <0

where,i, =1,2,...,N,,i,=1,2,..,N,,
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The elements of 3D array W, are derived from the 2D array w,,

defined as,

I_le,(i]), lsfick,,
2
o 5, x W,(i)), K,=<i,<L,
W,(i,i,) =4 K,
1 3
—xW(i),L,si,sN,,
N, =i, +1 hhla=l =4

where,ii =1,2,...,N,

here, W, isa 1xN, vector, whose elements are given by,

F—, l<i <K,
h
W,(i,)=<L, K =izl
K, :
N L sisN,
| M =i +1 e
APPENDIX B

THE DEFINITION OF Q)Y AND uy?

The element Q‘;} of the level-4 block Toeplitz matrix Q(;) isa
level-3 block Toeplitz matrix, Q' can be written as,

b 00 L0
Q@ Q0 L0
M M il 4
Q‘;:,_I.m Q[:i]_z.m Q‘r'l‘"-‘-“ L 0
(2) (2 (2) o
Qp-. 5 Q,a_.\—l.p; Qp_:-!-m L Ly ]
Q=] ™ M "o i
2, QR @y L Uik
0 [F.::"m Q':i,-l.ru L [;:'_x':dlm
0 0 Qf, L Qf.,
i M M 0 M
0 0 0 L :’:}P:

(A-3)

(A-4)

(B-1)



275

here, p, =1,..,L,p, =1..,L, The element Q‘é’_m of the level-3 block

Toeplitz matrix Q‘:" is defined as,

i l:,‘ " 0 0 L 0
Ql;-i”\-h Qﬂ:’_l-f'a 0 L 0
M M M 0 M
‘J"I'Jl'l-P.a-Pl Q‘J’I:':-M M :f‘:!’"-"f'.'\-.l"l L 0
Q‘ri] PaiPy Q::-’-m-m Ef:] =2.p5.P4 L '|-I:"3-P4 3 (B'z)
QL= M M Moy M
1
iJ.I,..p_-.p. t‘:—l P3ePs “!-‘,‘1-“’-' o L “‘f]' Kavlops.py
0 ‘::I‘ PrPs ‘I.I:—1 Py L '-f'l:]— Ky 421304
0 0 O om b Qi kann
M M M 0 M
0 : o L of,.

here, p,=1,..,L,,i=2,3,4. The element Q" of the level-2 block

P2oPsiPy

Toeplitz matrix Q‘pﬁ’ ,,is defined as,

[ Q,.. 0 0 L 0
Qp+2.k Qp-v-l.k 0 L 0
M M M 0 M
Qp«-;:,—l,k Q;u—;:,—lk Qp+ﬂ -3k L 0
Qp+p,,k Q;ﬂ-p,—i,k Qpﬂ:,—lk L Q;ﬂ-[.k
Qﬂw}-ﬂi Py M M M L M ’ (B-3)
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0 0 0 L Q,r;a—l',‘ W&

here, p,=1,..,L,i=123,4, p=(p,-DL,L,L +(p, -1)L,L, +(p, -1)L,. The element
Q,.,. isthe (p+p)-th row and k-th column element of the orthogonal

matrix Q ineq. (2).

Uf,f’ isa K,x1 column vector, it is defined as,
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- Uf_:}-'fi -
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here,v, =1,...,K,. The element Uf,f.’n of U},f’ isstilla k,x1 vector, it
can be written as,
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Ky vy
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where, v, =1,...K,,v, =1..,K,.The element U = of the vector U, is

Wy

written as,

i) _
Uvg.vj.lq. . U . (B-ﬁ)

U

kvl ]
here, v, =1,...K,,i=1,2,3,4, v=(K, -v,)K,K,K, +(K, -v,)K,K, + (K, -v,)K,, the

element U in UY s the k-th row and (v +v,)-th column element

kv Va, V5,

of matrix U ineq. (12).
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