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ABSTRACT

Gong, X.B., Wang, S.C. and Zhang, P., 2018. Three-dimensional sparse hyperbolic
Radon transform and its application to demultiple. Journal of Seismic Exploration, 27:
137-150.

Radon transform (RT) has been widely used in seismic data processing. In this paper,
we propose a fast version of three-dimensional (3D) sparse hyperbolic RT (HRT) to
eliminate multiples. The adjoint operator transforms the hyperboloids of 3D gather into
the points of 3D Radon space, which is used for separation of signal and noise. The
forward operator transforms the points of 3D Radon space into the hyperboloids of 3D
gather. By using a stretching time axis and the mixed frequency-time domain inversion,
we perform the forward and adjoint 3D HRT operators as matrix-matrix multiplications
in the frequency domain, which can result in high-resolution Radon panel with high
computational efficiency. In addition, a monotone version of fast iterative shrinkage
thresholding algorithm (MFISTA) is implemented to accelerate the convergence of the
sparse RT-based inversion. Synthetic and field examples of off-shore data demonstrate
that our new method can successfully applied in this context.

KEY WORDS: Radon transform, three-dimensional, sparse, demultiple.

INTRODUCTION

Radon transform (RT) for seismic signal processing commonly
transforms the time-offset-domain gather into the time-slowness-domain
Radon panel. By the moveout difference between signal and noise, we can
eliminate the noise or extract the signal after muting in the Radon panel.
This technique has been successfully applied to the denoise, demultiple,
seismic data interpolation, velocity spectrum, separation of seismic
wavefield and simultaneous source separation, etc. (Trad et al., 2002; Wang,
2002, 2003a; Lu, 2013; Ibrahim and Sacchi, 2014; Gong et al., 2014, 2016a,
2016b, 2017; Xue et al., 2014; Ibrahim and Sacchi, 2015; Karimpouli et al.,
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2015; Wang et al., 2015; Zhang et al., 2015; Xue et al., 2016). Another type
of RT is named local RT which transforms the gather into different local
wavefields. A limited the number of directional wavefields are selected to
reconstruct the signal (Sacchi et al., 2004; Yu et al., 2007; Wang et al.,
2010).

Generally, two aspects should be considered for RT-based applications.
Firstly, the sparsity promotion in Radon panel is an essential factor for
practical implementation (Trad et al., 2003; Wang, 2003b). To solve this
problem, Thorson and Claerbout (1985) introduced the stochastic inversion
for sparse velocity gather. However, their method is computational costly
and has difficulty in dealing with the field data. Sacchi and Ulrych (1995)
presented an iterative reweighted inversion to construct the high-resolution
velocity gather using a Bayesian approach. This approach has been widely
used in industrial seismic signal processing. Additionally, the mixed
frequency-time domain inversion method is a popular solution for sparse RT
(Cary, 1998; Trad et al., 2003; Lu, 2013, Zhang and Lu, 2014a; Gong et al.,
2016a). The strategy involves a sparse inversion in the time domain by
choosing a /; norm to constrain the model and a /; norm to constrain the data
misfit. The kernel of the RT operator is implemented in the frequency
domain by fast Fourier transform (FFT), which both improves the resolution
in the Radon panel and preserves high computational efficiency.

Another important aspect for practical applications is to improve the
computational efficiency of the RT-based processing. Normally, RT
operators performed in the frequency domain can save computation time
because the large matrix inversion in the time domain can be converted into
several small matrix inversions in the frequency domain (Beylkin, 1987).
Abbad et al. (2011) described a fast, modified-parabolic RT, which was
based on singular value decomposition. Hu et al. (2013) further improved
the computation of hyperbolic RT (HRT) by using a low-rank approximation.
In addition, inversion algorithm should also be considered in RT-based
inversions. For example, the iterative reweighted least squares (IRLS)
algorithm is often used in solving sparse inversion problems (Scales ef al
1988), but has proved to be inefficient. Lu (2013) developed an accelerated
sparse RT by an iterative shrinkage algorithm. Then, Zhang and Lu (2014a)
extended this algorithm to three-dimensions and introduced a linear RT for
regularization of prestack seismic data. The fast version of the iterative
shrinkage algorithm is implemented in RT for faster inversion of sparse
matrices (Ibrahim et al., 2015; Gong et al., 2016a).

RT as a mature technique has been applied during the processing of
two-dimensional (2D) seismic data. However, for 3D seismic data or data
that was gathered over wide azimuths, the operator matrix of 3D RT is much
larger than that of 2D RT and it is very costly to inverse the resulting large
matrices. Therefore, 3D RT should be designed in a more efficient algorithm
to better handle this type of field data. Previous work on 3D RT for seismic
signal processing developed the f~x-y domain least-squares (LS) RT and
applied it to ground roll suppression in orthogonal seismic surveys (Liu and
Marfurt, 2004). Hugonnet et al. (2008) introduced a high-resolution 3D
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parabolic Radon filter to process dense wide-azimuth gathers in 3D.
Verschuur et al. (2012) extended RT to the 4D reconstruction of wide
azimuth data. Zhang and Lu (2014a) proposed a high-resolution
time-invariant 3D RT by splitting the large matrix-vector-multiplication into
two small matrix-matrix multiplications, thereby simplifying the
computational complexity of the 3D RT. They applied this method for 2D
and 3D prestack, regularized seismic data.

In this paper, we develop a fast version of sparse 3D HRT by combining
the stretching time axis, the mixed frequency-time domain inversion strategy
and the monotone version of fast iterative shrinkage thresholding algorithm
(MFISTA). The adjoint operator of 3D HRT transforms the hyperboloids of
3D gather into points in 3D Radon space, and the forward operator of the 3D
HRT transforms the points from 3D Radon space into the hyperboloids in a
3D gather. Synthetic and field data examples demonstrate that our
proposition provides robust and efficient results.

THEORY

Due to the hyperbolic characteristic of seismic events in horizontally
layered structures, HRT can better focus seismic reflections or diffractions
for signal processing. However, the time-variant characteristic of HRT limits
its application because of the substantial computational complexity of
RT-based operator in the time domain. Pseudo hyperbolic Radon transform
(PHRT) is an alternative approach which is based on the integral path
defined as t =7+ pVz? + h* —z (2D case) (Foster and Mosher, 1992;
Bickel, 2000; Zhang and Lu, 2014b), where z is the depth parameter, t is the
zero-offset travel time, £ is the offset, and p is the slowness. The operators
can be implemented in the frequency domain, because it also has a linear
relationship between 7 and 7 (time-invariant characteristic). However, the
resolution for the Radon panel is unsatisfactory for an arbitrary depth of
reflection hyperbolas with the assumption of a constant depth parameter z.
The shallower hyperbolas are translated into short hyperbolas and the deeper
hyperbolas are translated into short ellipses (Bickel ng and Lu
2014b). The integral path of HRT is defined as t = /72 + p?h? (2D case).
It cannot perform RT operator in the frequency domain directly because of
its time-variant characteristics. To resolve this problem, a method which
stretches the time ax1s is mtroduced (Yilmaz, 1989; Sacchi and Ulrych,
1995) Deﬁm ng ! t’ = t% and t'=r, the path curve of HRT can be rewritten
as t' =1’ + p®h?, and the time-variant HRT is changed to time-invariant
parabolic Radon transform (PRT). Therefore, RT-based operators can be
performed in the frequency domain to accelerate the calculation. Note that in
the case of a stretching time axis, shallow events with less than one second
would be squeezed and deep events with more than one second would be
stretched. Thus, an accurate interpolation should be performed to regularize
the time samples for Fourier-kernel RT-based operators. Another alternative
approach is to replace the fast Fourier transform (FFT) by the nonuniform
fast Fourier transform (NFFT) for the seismic data in stretching time axis.
(Duijndam et al., 1999).
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By using a stretching time axis of the form t’=t? and 7'=r, the
adjoint operator of 3D HRT is written in the following form:

m(r', Px py) = th Ehy d(t! =7+ pazchazc T pjzzhfn hy, hy) ’ (1)

where d(t, h,, hy) presents a 3D gather, 4, and A, are the offset along the
inline and crossline direction, respectively; and p, and p, are the slowness
along the A, and A, direction, respectively, m(t, p., p,) presents a 3D Radon
space. By eq. (1), the hyperboloids (in normal time axis) or paraboloids (in
stretching time axis) of the 3D gather d(¢, h,, hy) can be projected into the
points of the 3D Radon space. The definition is similar to 3D linear RT
(LRT) (Liu and Marfurt, 2004; Zhang and Lu, 2014b) and 3D PRT
(Hugonnet et al., 2008). Note that the Radon space would be a 4D space
m(T, pw Py Py) if an extra parameter, p,,, is employed to represent the
squeezed and tilted hyperboloids, which is a more accurate 3D HRT.
However, 4D space can result in dramatically increased runtime and
strongly ill-conditioned problems (Hugonnet et al., 2008). Thus, we keep the
Radon space as 3D one which is enough to represent all the hyperboloids in
a 3D gather.

In the case of a stretching time axis, the forward operator of 3D-HRT is
written as follows:

d(t', by, hy) = Zp, Zp, m(z' = t' — pZh% — ph3,p) . (2)

The equation transforms the hyperboloids (in normal time axis) or
paraboloids (in stretching time axis) of the 3D Radon space into the points
of the 3D gather. Instead of solving the huge computational complexity in
the time domain, FFT is taken along the stretching time axis. The adjoint
operator of 3D HRT solving in the frequency domain can be written as:

M(w’, o py) - th Ehy D(w', hxr hy)eimf(p§h§+p§-h§)_ (3)
We change the integral order by applying the multiplication rule:
' iw/PENE i B2

M(w ' P py) = Zhy (th glw® D(w', hy, hy)) elwrpyhy 4)

The adjoint operator matrix has two different forms for each frequency slice
(Zhang and Lu 2014a):

MVEC = L?;C}' ¥ DVEC y (Sa)
M=L.+D=+L} , (5b)

where L, and L, are the operators associated the inline and crossline
direction, respectively, superscript 7 denotes the conjugate transpose
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operator, symbol * denotes matrix multiplication, L_\:‘.=L_..T®L_r, symbol ®
denotes the Kronecker product of two matrixes, subscript vec denotes the
matrix vectorization operator, and M,..= vec(M), D= vee(D). As noted by
Zhang and Lu (2014a), the size of the matrix L,, is much larger than that of
L, and L,, thus eq. (5b) instead of (5a) is involved to solve 3D RT-based
operator. The same implementation is taken to Radon space for the forward
operator of 3D HRT, thus, the forward and adjoint operator in the matrix
format of 3D HRT can be written as:

Eq. (7) can only produce relatively low-resolution results because of the
limited truncation in discrete computation. We can circumvent this problem
by using a linear inversion approach. The cost function of the least squares
(LS) solution without constraint is written as:

2
J(M) = ||D—Lx*M*Ly||2 . (8)
Then, LS solution of 3D HRT can be written as:
M = (L5L,)"'L% « D * LT (L, LT) ™. )

To improve the resolution of the 3D Radon space, a sparsity-promoting
inversion method is introduced and the cost function is written as a mixed
li-1s norm (Trad et al., 2003; Yuan et al., 2015):

JOM) = D = L, MxLy||” + 2lIMll; (10)

The cost function utilizes the /,-norm to minimize the data error and the
/;-norm to sparse constrained the model. A is the tradeoff parameter which
controls the sparsity of the Radon space and data misfit (Sacchi and Ulrych
1995; Chen et al., 2014).

The resolution for the Radon space solved by eq. (10) is not ideal
because all the curvatures of the events are coupling in the case of the
sparsity-promoting inversion in the frequency domain (Trad et al., 2003).
Consequently, a mixed frequency-time domain strategy is proposed for a
high-resolution RT-based sparsity-promoting inversion. This well-known
high-resolution strategy is applied to optimize the linear inversion problem
in the time domain and apply the RT-based operator in the frequency
domain by matrix-matrix multiplications as Radon space is much sparser in
the time domain than that in the frequency domain. Only by taking several
additional FFTs, the resolution of Radon space and the computational
efficiency can be improved. Furthermore, the seismic data can also preserve
its waveform by the frequency domain RT operators (Cary, 1998; Trad et al.,
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2003; Lu, 2013). Thus, by the mixed frequency-time domain strategy and
the sparsity-promoting inversion the cost function is written as:

J(m) = [|d = F~'Ly * F(m) * L, > + 2fmll, , (11)

where F and F”' denote the forward and inverse Fourier transform operators,
respectively. Many algorithms can be implemented to solve this kind of
inversion problem. The popular one is IRLS (Scales et al., 1988) for its
simplicity. Another widely used algorithm is preconditioned conjugate
gradient algorithm (Trad et al., 2002). Some other solutions such as the
greedy algorithm are also well documented (Ng and Perz, 2004; Wang et al.,
2010). Lu (2013) introduced an iterative shrinkage thresholding algorithm
(ISTA) to further speed up the calculation and it is proved to be effective
and robust for this inversion problem. Zhang and Lu (2014a) extended ISTA
to 3D LRT and it was successfully applied to regularize the 3D prestack
seismic data. To accelerate the inversion calculation, a fast iterative
shrinkage thresholding algorithm (FISTA) is adopted to solve the RT-based
inversion (Gong et al., 2016a). Additional applications of FISTA to seismic
data inversions are during microseismic data denoising by a sparsity
constrained time-frequency transform (Rodriguez et al., 2012) and high-
resolution amplitude-versus-angle attributes inversion for prestack seismic
data (Perez et al., 2013). As Beck and Teboulle noted, FISTA is not a
monotone algorithm. To guarantee the monotone of FISTA, an additional
judging function is used to monitor the misfit of each iterative computation
to obtain a more stable convergence, which only increases a small amount of
computational time. In this paper, we employ MFISTA to achieve a robust
and stable convergence of RT-based inversion. The process of MFISTA
solving 3D HRT is written as following iterative equations, where the LS
solution is the initial solution:

m, = [(LT L)~ 'LL « F(d) * LT (L, LT)” ] (12a)
X =mg , (12b}
tl - 1 . {12C)
Ifk=1:
FH(L5Ly) L+ F[d=F1Ly+F(x3) #Ly |+ LG (Ly D)
Z, = soft (xk + () el ax Gl 115ty 1) },%) , (12d)
1+ [144tF
bevr =——5— (12e)
m, = argmin{/(m): m = z,, m;_,} , (12f)

xk+1_mk+( )(zk_mk)‘l'(k )(mk_mk 1) (12g)
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where £ is the current iteration, soff is the soft thresholding operator, a is the
Lipschtiz constant, « > max (eig((L}L,) * (L,L%))) ., which can be
evaluated by Rayleigh’s power method (Perez et al., 2013), operator max(a)
is defined to obtain the maximum value of vector a, and operator eig(A) is
defined to obtain the eigenvalue of matrix A. Note that, in the step of (11f),
the first function value is needed to be computed both FISTA and MFISTA,
and second function value J(my.,) is already computed in the previous iterate
(Beck and Teboulle, 2009), therefore, MFISTA only cost slightly higher
than FISTA. After several iterative computations, the high-resolution 3D
Radon space m; is obtained. If eg}. (11) is solved by IRLS, RT-based
operator with the weighted matrix (LyL, + AW, W,) or (L, L], + AW, W,,,)
(W,,, denotes weighted matrix for model which varies in each iteration) is
needed to calculate inverse matrix for every each iteration, which is very
costly; if eq. (11) is solved by MFISTA, the pseudoinverse matrixes
(LTL,)"! and (LJ,LT;,)_1 in each iterative computation are same, thus, we
compute those matrixes only once at the first iteration and store them in the
computer memory for the other iterations. To be more generalized, these
pseudoinverse matrixes at each frequency can be stored for the other gathers
with the same geometry acquisition.

EXAMPLES
Synthetic 3D gather example

A synthetic 3D gather is tested to illustrate our proposition. Fig. 1 shows
this synthetic 3D gather and its 20th slice in the crossline axis. It contains
1000 time samples (nz) in each trace with a 4 ms sampling interval, its inline
(nx) and crossline (ny) lines are 61with a 0.05 km spatial interval. Along
inline and crossline directions, its offset range from -1.5 km to 1.5 km. This
3D gather has several low-velocity events (1.8 km/s) indicating multiples
and several relatively high-velocity events (2 to 3 km/s) indicating primaries.
When 3D HRT is implemented in the time domain, the computational cost is
O (nx x ny x nz x np) for an adjoint RT operator, where np is the number of
discrete slowness. That is a quite heavy computational burden for most of
computers. If 3D HRT is solved by using eq. (7) in each frequency slice, the
computational cost of one adjoint operator is only O ((rnx x np + np x ny) x
nw) as it only takes two matrix-matrix multiplications whose dimensions are
(nx x np) and (np x ny), respectively, where nw is the number of discrete
frequencies. The adjoint solution, the LS solution, and sparse solution of 3D
Radon space are shown in Figs. 2a, 2b and 2c, respectively. As it is noted in
the theory section, the mixed frequency-time domain strategy and the
sparsity-promoting inversion can greatly improve the resolution of Radon
space. Thus, the resolution of Fig. 2c¢ is obviously better than the ones of
Figs. 2a and 2b, and it is easy to separate the primaries from the multiplies.
In the same computational condition, the runtime in seconds of Figs. 2a, 2b
and 2c are 20.7 s, 30.4 s and 263.0 s, where the iteration number of FISTA is
10. Fig. 3 is the result of demultiple by our proposition. The 3D multiple
gather and 3D primary gather are shown in Figs. 3a and 3b, respectively.
The right parts of Fig. 3 are their corresponding 20th slices in the crossline
axis.
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Fig. 1. A synthetic 3D gather with time axis ranges from 0-4 s, and its inline and
crossline offset range from -1.5 to 1.5 km. It contains several relatively low-velocity
events indicating multiples and relatively high-velocity events indicating primaries. The
right part of figure is the 20th slice in the crossline axis.

(b)

- =

Time (s)
Time (s)
[ %)

w

6 06 0.8
0.6 H. 0.4 6
) (s, 2 0.4 o
¥ bmy 02 5 0 02 @

0
1
=
52
E”
=
3
4
|
0.8 1
0.6 s 0.8
Py 04 :
'Pf'@;{- 0.2 0.4 ﬁmn‘
) 0o 02 oY

Fig. 2. The 3D Radon space. (a) The adjoint solution; (b) The LS solution; (¢) The mixed
frequency-time domain sparsity-promoting inversion solution.
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Fig. 3. The result of demultiple. (a) Low-velocity events of the 3D gather indicating
multiples; (b) High-velocity events of the 3D gather indicating primaries.

Field data example

Fig. 4 shows a field marine gather which contains 10 cables (the number
of inline is 10). The maximum inline offset is 3 km and the trace interval is
0.025 km. The crossline offset (vertical direction of inline) varies from -0.5
km to 0.4 km. The samples in one trace is 2000 with a 4 ms sampling
interval. This gather contains primaries, surface-related multiples, internal
multiples and other random noise. The 3D Radon space of our proposition is
shown in Fig. 5. By muting the energy of multiple in 3D Radon space, 3D
primary gather and multiple gather are separated and shown in Figs. 6(a) and
6(b), respectively. Note that some random noise is also attenuated because
of the sparsity of Radon space. The inversion error should be considered
because 3D HRT is performed based on inversion. Increasing the number of
iterations and reducing the tradeoff parameter A can enhance the fidelity of
the recovered data, but also increase the computational cost. Also note that
the muting region of demultiple is not easy to be set for 3D data, thus, we
choose a same muting region for a group of adjacent slices along px or py
axis. For a better comparison, we zoom in the black rectangle region in Figs.
6a and 6b, which are enlarged to show in Figs. 7a and 7b, respectively.
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Inline No.

Fig. 4. 3D field data with 10 inlines. Its inline offset range from 0-3km and crossline
offset range from -0.5 to 0.4km.
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Fig. 5. 3D Radon space by the sparse 3D HRT.
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Fig. 6. The result of demultiple. (a) Primaries; (b) Multiples.
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Fig. 7. The enlargement of black rectangle region in Fig. 6. (a) Primaries; (b) Multiples.
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CONCLUSIONS

3D HRT considers that the curvatures of events vary along two
horizontal directions, which is more suitable for 3D seismic data processing.
In this paper, we have proposed a 3D sparse HRT which transforms the 3D
gather into a 3D Radon space combining the stretching time axis, the
sparsity-promotion strategy and MFISTA. The adjoint and forward operators
of 3D HRT in the frequency domain are presented with the form of
matrix-matrix multiplications. The mixed frequency-time domain
sparsity-promoting inversion and MFISTA are applied to obtain a sparse
Radon space. The synthetic and field 3D data examples demonstrate that our
proposition is effective and robust. Due to non-orthogonal characteristic of
3D HRT, the computational inversion error is not evitable which needs be
further studied in the future.
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