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ABSTRACT

Xu, S., Chen, F., Lambaré, G. and Zhang, Y., 2013. Full waveform inversion of reflected seismic
data. Journal of Sezsmzc Exploration, 22: 449-462.

Full waveform inversion has been widely used to build shallow high resolution velocity
models. Successful inversion requires seismic data with reliable refracted waves and low frequencies.
In this paper, we revisit full waveform inversion theory and highlight a method to relax the
dependence of inversion on low frequency reflections. The method can update the long wavelength
components of the velocity model by using the reflected arrivals, even when the low frequency
components of séismic data are absent in the input. Our approach involves a non-linear iterative
relaxation approach where short and long wavelength components of the velocity model are updated
alternatively. The approach still targets at matching observed data with simulated data, except the
later are computed through a demigration process using the migrated images as reflectivity model.
The overall workflow for the inversion in this paper is similar to the algorithm of migration based
travel time waveform inversion proposed by Chavent et al. (1994) (the short wave length
components of the velocity models are just replaced by a reflectivity distribution). We derive the
inversion equations using Born’s approximation and numerically analyze the Fréchet derivatives of
the inversion. As a result we propose an efficient methodology taken advantage of the know how
about preserved amplitude migration. At the end, we present a preliminary 2D application to a Gulf
of Mexico conventional streamer dataset.
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INTRODUCTION

In complex areas, there are two main challenges in prestack depth
imaging: velocity model building and depth migration. Velocity model building
estimates a velocity model for the simulation of seismic wave propagation that
takes place during depth migration. This velocity model should contain the long
wavelength (macro) components of the Earth model, while the depth migrated
image should provide the short wavelength (reflectivity) details. So far seismic
ray-based tomography (Bishop et al., 1985; Liu and Bleistein, 1995; Billette and
Lambaré, 1998; Zhou et al., 2003; Woodward et al., 2008; Lambaré, 2008) has
been widely used for velocity model building. However, the accuracy of these
methods highly depends on the picking of events, which is a tedious and labour
intensive task and is difficult to be fully automated when signal to noise ratio in
the seismic is low (Siligi et al., 2007; Liu and Han, 2010).

There has been a lot of effort to improve the resolution of ray-based
tomography (Guillaume et al., 2011; Hu and Zhou, 2011), but geophysicists
now also expect a wave equation based approach which would automatically
invert a high resolution velocity where ray tracing fails to work properly. Full
waveform inversion (FWI) aims at achieving this, and it has been demonstrated
that FWI works on real data in different geological scenarios (Tarantola, 1984;
Sirgue and Pratt, 2004; Virieux and Operto, 2009).

Classical FWI involves the least squares minimization of the misfit
function between the simulated and observed data. Non-linear gradient based
optimizations are used (Pratt et al., 1998; Ravaut et al., 2004; Sirgue and Pratt,
2004; Choi et al., 2008; Ma and Hale, 2011; Choi and Alkhalifah, 2011) with
complex strategies to regularize the process (filtering, weighting and muting the
data, etc. ...). Classical FWI theory requires fitting seismic waves in both
amplitude and phase. Fitting the amplitude is difficult and may lead the velocity
inversion to a wrong convergence, as amplitudes are sensitive to numerous
complex parameters (anisotropy, elasticity, porosity, viscosity, source radiation
pattern, attenuation, density model, etc. ...) which are difficult to be determined
from the analysis of seismic data. Thus FWI based on the phase information
appears more attractive and natural, and has been investigated (Luo and
Schuster, 1991; Zhang et al., 2011). All these strategies mitigate non-linearity
but cannot recover the features that are not covered by the intrinsic resolution
of the method.

The resolution of FWI is the resolution of a migration operator (Lailly,
1983; Tarantola, 1984). The recovered wavelengths in the velocity model
correspond to the recorded temporal period stretched to depth according to the
local velocity and angular aperture. For the transmissions and refractions, the
stretching due to the angle aperture allows us to recover the long wavelengths
of the velocity model (Gauthier et al., 1986), while for the reflected seismic
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waves, only short wavelengths can be recovered by FWI due to the narrow
range of reflection angle apertures. This explains why FWI recovers long
wavelength components of the velocity model only in shallow areas and why its
resolution improves when lower frequencies and longer offset data are available
(Ravaut et al., 2004; Sirgue et al., 2010). Unfortunately, for conventional
streamer data, extremely low frequencies (less than 2 Hz) are not available due
to the existence of the source and receiver ghost (Lindsey, 1960), while the
available low frequency components of the data (2-5 Hz) exhibit poor
signal-to-noise ratio. The maximum offset is usually around 8 ~ 10 km, which
limits the penetration depth of seismic diving waves. Application of FWI to
streamer data then definitely remains a challenge (Plessix and Rynja, 2010).

There are some other difficulties related to the accuracy of FWI
algorithm. For example, conventional FWI requires an accurate estimation of
source signature, which may bring difficulties for real data application,
especially for the algorithms in time domain. Moreover to compute the
amplitude of the wave correctly, FWI requires a density model which is
unknown for real cases, while simultaneously inverting for density and velocity

models brings more ambiguities in the inversion problem (Virieux and Operto,
2009).

In this context alternative approaches for FWI have been proposed. While
the cost function is in the recorded data domain for classical FWI (Tarantola,
1984; Sirgue and Pratt, 2004; Virieux and Operto, 2009), some FWI approaches
work in the prestack depth migrated domain or in some other favourable
domains (Zhang and Wang, 2009). Among the methods working in the depth
migrated domain, wave-equation based tomography replaces the data matching
objective function by a focusing criterion on either common image gathers or
at the back propagated shot locations (Sava et al., 2005; Albertin et al., 2006;
Soubaras and Gratacos, 2007; Shen and Symes, 2008; Albertin, 2011). Such
methods have strong connections with conventional ray based migration velocity
analysis (Woodward et al., 2008) and may suffer from the various artefacts
encountered in depth migrated gathers.

We propose an alternative approach. Our cost function is based on the
residual between the simulated and observed data as in classical full waveform
inversion (FWI) but is now minimized with an iterative relaxation approach
where the velocity model is split into long and short wavelength components,
i.e., the background and the perturbation models. Inside each loop, first, the
short wavelength components of the velocity model are obtained from the initial
background model by a true amplitude migration; then this perturbation is fixed
and the background model is updated by a local optimization scheme. We show
in this article the expression of the associated Fréchet derivatives and gradients
of the cost function, and discuss how and why such a strategy greatly improves
the resolution we expect from FWI. Finally we present an application of our
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algorithm to a 2D Gulf of Mexico streamer dataset, showing that the approach
can update long wavelength components of the velocity model in a real case.

FRECHET DERIVATIVES AND GRADIENT OF THE COST FUNCTION
FOR FWI

Let’s start from the scalar acoustic wave equation. In the frequency
domain the associated Green’s function G(x,w,s) (Where x is spatial location, w
is the angular time frequency, and s is the shot position) satisfies the equation

—m(x)G — V2G = §(x — s) , (1)

where m(x) = 1/v(x) is the model to be estimated, i.e., the square of the
slowness. The traditional full waveform inversion uses a least square cost
function

C(m) = 1 sss dsdrdw " Gobs - Gcal(m) " 2 ’ (2)

where G, (r,w,s) and G (r,w,s) denote the observed and calculated Green’s
functions at the source and receiver positions (s and r), respectively. Let’s
decompose the model into

m=m, + ém , 3)

where m, denotes a background model containing the long wavelength
components of the velocity model, which determines the. transmission behavior
of the wave, and where dm denotes the perturbation model containing the short
wavelength components of the velocity model, which determines the reflection
behavior of the wave. Accordingly the Green’s functions can also be
decomposed into

G =Gy + 6G ., 4)

An exact expression of the perturbation of the Green’s function G
depending on m, and ém is given by the following Fredholm integral equation
of the second kind (Polyanin and Manzhirov, 1998),

0G(m,,ém)(r,s) = w? S dxGy(r,x)G(x,s)0m(x) , )

where we have omitted dependency of w in the expressions of the Green’s
functions. We see the symmetry of the expression (5) with respect to m, and
m,+0m, or, alternatively to m—4m and m. It is interesting now to investigate
the Fréchet derivatives of 6G with respect to 6 and m,. Eq. (5) is not suitable
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for numerical computation using direct integral, because it contains the unknown
term G(x,s) on the right hand side. Within the first order Born approximation,
the perturbation Green’s function can be easily computed by the integral

5GB°’“(mO,6m)(l‘,S) ~ 2 S dXGO(l',X)GO(X,S)am(X) P (6)

where we have broken the symmetry of the former eq. (5) by choosing the
Green’s functions in the background model m, rather than in the model m. The
expression of the Fréchet derivative of G with respect to ém is the conventional
kernel of the Born operator, i.e.,

GB™(r,s)/06m(x) = w2Gy(r,x)Gy(X,s) . @)

It depends on m, but not on ém, and corresponds to the Fréchet derivative
of the conventional full waveform inversion problem. As such it is also the
kernel of a "normal" migration operator (Lailly, 1983; Tarantola, 1984).

The gradient of the cost function (2) can be easily computed from the
Fréchet derivative as

dC/dém(x) =

—w? SS drds s dwRe{G#(r,X)G¥(X,8)[Gy(r,8)Go(r,8)l} , (8)

where the superscript * denotes the complex conjugate, and Re() denotes the
real part of the complex function. In theory, the Green’s function contains all
the waves: direct arrivals, refractions and scattered waves, etc. However, with
a smooth initial model, the calculated Green’s function is dominated by the
direct arrivals and diving waves. Their contribution to the gradient function of
FWI is illustrated in Fig. la, while the contribution of the reflections is the
"normal" migration response of the residuals, as shown in Fig. 1b. We see that
FWI can potentially recover the long wavelength components of the velocity
model in the shallow area (in fact along the diving wave paths) (Thanks to
reflections it can also recover the short wave-length parts of the velocity model,

e.g., by finding detailed channel systems). However, it is difficult to recover the
long wavelength components of the velocity in the deeper area if sufficiently low
frequencies are not present in the data (Plessix et al., 2010).

Following Chavent et al. (1994), let’s now have a look at the Fréchet
derivative of the cost function (2) with respect to the background model, m,.
Note that having chosen in the Born approximation the Green’s functions in the
background model m, (rather than those in the model m), we have removed the
symmetry we pointed out in Fredholm eq. (5). From eq. (6), we have the
expression:
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86G(s,1)/0my(y) = «? | dxom(x){[0Gq(s.%)/dmy(y)]Go(x,1)

+ Go(s,X)[0Go(x,r)/0my(y)]} - )

Then using the fact that

0Gp™(s,r)/dmy(y) = w?Gy(s,y)Go(y.r) . (10

we obtain for (9)

85G(s,1)/dmy(y) = &* | dxdm(X)[Gy(s,y)Go(y,X)Go(x.1)
+ Go(s,X)Go(x,y)Go(y, 0l €3))
where we can recognize Born approximation (6) and obtain approximation
96G(s,r)/omy(y) = w*[Gy(s,y)0G®™(y,r) + 6G®™(s,y)Gy(y,r)] . (12)

This expression applies the first order approximation of the perturbed wavefield
6G™™ over all the propagation medium (parameterized by y) for shot and
receiver positions s and r. This approximated perturbed wavefield can be
obtained by a forward Born modeling equivalent to what we call a demigration

process (the short wavelength component of the velocity model are then replaced
by a reflectivity distribution).

Finally we obtain for the gradient of the cost function [eq. (9)] with
respect to m, (fixing ém) the expression ‘

3CIBmy() |3 = — | | drds | dew{08G*@,s)/0myx) |,

X [Gobs(ras) - Go(l',S)]} . (13)

We can analyze the contribution of the reflected waves to this gradient of
the cost function. We see on Figs. 1c and 1d, that the contribution to the
gradient of the reflected waves is now spread along the wave propagation paths
of the reflections (Figs. lc and 1d). Fig. 1c shows the contribution
corresponding to the wave path from the source to the reflector [the first term
on the right hand side of eq. (12)] while Fig. 1d shows the total contribution,
source-reflector-receiver. We now observe that a local optimization of C for m,
(fixing 6m at each non-linear iteration) may be suitable for recovering the long
wavelength components in depth of the velocity model available in the
reflections. As noticed by Chavent et al. (1994) we have here the framework for
developing a full waveform inversion approach capable of recovering long
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wavelengths of the velocity model from reflected arrival even in the deep parts
of the models.
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Fig. 1. Contribution to the gradients of classical FWI and SRFWI [egs. (7) and (10)] of a trace with
the source location at (2.5, 0.0) km, and receiver location at (12.5, 0.0) km. The source wavelet is
a Ricker with a peak frequency at 6.0 Hz; and the background velocity is 2.0 km/s. Two signals are
considered as residuals: a direct wave and a reflected wave for a reflector at 5 km depth.

a) Contribution of the direct wave to the gradient of classical FWI; b) Contribution of the reflected
wave to the gradient of classical FWI; c¢) Source-reflector contribution of the reflected wave to the
gradient of SRFWI; d) Source-reflector-receiver contribution of the reflected wave to the gradient
of SRFWI.

REFLECTED SEISMIC FULL WAVEFORM INVERSION

Based on the discussion of previous section, we propose an approach
where background m, is iteratively updated through a non-linear local
optimization scheme. Starting from an initial background velocity model m,, in
expression (9) the term §GP°™ is approximated by a wave equation modelling
using the model and the reflectivity derived from the true amplitude migration
(Bleistein, 1987; Zhang et al., 2007; Zhang et al. 2013). Each iteration consists
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of the following steps:

1. Apply a true amplitude prestack depth migration to the reflected wavefield
using the initial background model my™ (Zhang et al., 2013) and
generate the migration image ém,;

2. Use prestack demigration [eq. (6)] to generate the synthetic wave field
0G,, with the initial background velocity model my™ and the image 6m
from step 1;

3. Compute the residual data to obtain the cost function;

4. Compute the gradient of the cost function using eqs. (12) and (13);
5. Update the background velocity model to mgréted;

6. Go to the next iteration or terminate.

In step 1, we decompose local wave field in angle domain and only stack
the near angle image to output ém (Xu et al., 2011). The reason of not using the
full stacked image is that when the initial background velocity is far from the
real one, the full stacked image cannot focus well and this will alter the quality
of data obtained by demigration. On the other hand, if we stick to the near
angle/offset reflections, demigrate following by a migration should recover the
kinematics and easily match the input data. Therefore, we started with ém
generated by a partially stacked near angle image (e.g., 0 ~ 20 degrees), then
with the improved updated background velocity model obtained at each iteration,
we gradually increase the stacked angle range of the migrated image to 0 ~ 45
degrees. By doing this, we reduce the cycle-skip problem and relax the low
frequency requirement for the inversion.

Note that we approximate the wavefield §G®™ by a demigration process
taking the reflectivity function obtained from true amplitude migration rather
than the velocity perturbation obtained from preserved amplitude migration
(Beylkin, 1985; Operto et al., 2000; Xu et al., 2001). In order to focus on the
reflected wavefield, the direct arrivals and refractions are muted in 6G. The
relaxation approach proposed here is the same as the one used in the
migration-based travel time tomography (MBTT) approach proposed by Chavent
et al. (1994) or Clément et al. (2001), or its alternative ray-based
implementation, for example, Plessix et al. (1999). As it is a full waveform
inversion method, we prefer to call it Seismic Reflection Full Waveform
Inversion (SRFWI). Note that it has also some similarity in terms of resolution
with the differential semblance optimization (DSO) method proposed by Symes
and Carazzone (1991).
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APPLICATION

We apply our 2D reflected seismic FWI algorithm to a dataset from
Mississippi Canyon in Gulf of Mexico. A 2D line was extracted from a 3D
narrow azimuth streamer dataset. The target is the velocity anomaly associated
to a gas cloud. To ensure the efficiency, we equally decimated 2/3 of the shots
and the shot spacing used in the inversion is 738 feet. The input data has been
low pass-filtered down to 12 Hz. The initial background velocity model (Fig.
2) is obtained from a high resolution ray based tomography (Han and Xu,
2011). It takes non-linear 13 iterations to obtain the final background velocity
model shown on Fig. 3. The final velocity perturbation is shown in Fig. 4.
Since the data is from a conventional narrow azimuth acquisition, it does not
contain much signal below 5 Hz. Note that the acquired maximum offset is
approximately 8 km and that the water bottom is about 1 km deep. It would be
hard for a conventional FWI to produce for this dataset a velocity perturbation
with long wavelength components. However, as shown in Fig. 4, Seismic
Reflection FWI clearly provides an update with long wavelength components
down to 15000 feet in depth. Fig. 5 is the reverse time migration (RTM) image
obtained for the initial background velocity model, while Fig. 6 shows the RTM
image obtained for the updated background velocity model. We can observe the
improved focusing of the seismic events, especially on the dipping events in the
centre of images. Fig. 7 shows the RTM angle gathers (Xu et al., 2011)
obtained for the initial background velocity model (Angles are between 0 and
60 degrees). Curving down events can be clearly observed in the common image
gathers for most of the far angles. Fig. 8 shows the corresponding angle gathers
obtained for the updated background velocity model. With the updated
background velocity model the angle gathers are more flat, and the migrated
stack is improved. ‘
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Fig. 2. Initial background velocity model.
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Fig. 3. Final updated background velocity model obtained by seismic reflection full waveform
inversion.
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Fig. 4. Velocity updates obtained by seismic reflection full waveform inversion.

CONCLUSION

Following the approach proposed by Chavent et al. (1994) we have
investigated a full waveform inversion approach where the long and short
wavelength components of the velocity model are inverted iteratively by a
relaxation approach. For each iteration, the short wavelength components are
first inverted by true amplitude migration and then fixed and used to update the
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Fig. 5. RTM images obtained with the initial background velocity model.
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Fig. 6. RTM images obtained with the final updated background velocity model.

long wavelength components. The analysis of the resulting gradient shows the
ability of the approach to update long wavelength components of the velocity
along the reflected wave-path. This relaxation approach greatly enlarge the
ability of full waveform inversion for velocity model building from
reflectedwaves even when low frequency are not available in the input data. An

application to a 2D real data example demonstrates that the proposed method
works on conventional streamer data.
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Fig. 7. RTM angle gathers obtained with the initial background velocity model.
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Fig. 8. RTM angle gathers obtained with the updated background velocity model.
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